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CS60047: Advanced Graph Theory 

Full Marks: 100 Time: 3 Hours 
Answer ALL questions 

Unless otherwise mentioned explicitly, assume all graphs are simple, undirected, and 
unweighted. 
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Proofs should be written clearly and concisely. Marks may be deducted for sketchy or unclear 
proofs. · 

1. (a) Define the following: k-color-critical graphs, cover of a weighted graph, dual of a plane 
graph, crossing number of a graph. ( 4 x 2 = 8) 

(b) A bipartite graph has 19 vertices and 37 edges. Is it planar? Justify your answer in one 
sentence. (2) 

2. (a) Find a maximum weighted matching of the following bipartite graph (rows and columns 
represent the vertices in the two partite sets respectively, and X[i,j] represents the weight of 
the edge between node i (0 :S i :S 4) in one partite set to nodej (0 :Sj :S 4) in the second partite 
set). At each step, clearly show the equality subgraph, the matching/vertex cover found, and 
the updated cover. There is no need to show how you find the matching/vertex cover found. 
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(b) Construct the tree with 11 vertices numbered from 1 to 11, who.se Prufer code is given by 
9, 7, 7, 3, 10, 4, 4, 7, 1. Show all steps. (10) 

3. Prove or disprove: Every graph G with average degree d contains a subgraph H such that all 
vertices of Hhave degree at least d/2 in H. (10) 
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4. Given a graph G, its line graph L(G) is a graph such that each vertex of L(G) represents an 
edge of G, and two vertices of L(G) are adjacent if and only if their corresponding edges 
share a common endpoint in G. Show that x(H) € { ro(H), ro(H) + 1} if His the line graph of 
some graph G ( G has no component that is a triangle), where x is the chromatic number and 
ro is the clique number of H. (1 0) 
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5. Prove that every planar graph can be colored with at most 6 colors. Assume that you only 
know the well-known upper bound on the number of edges o(a planar graph, prove any other 
result that you may use (including any done in class ifyou need it). (10) 
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6. Let G be a graph with n vertices such that x(G) = ~(G) = k, where ~(G) is the size of the 
J;Uaximum independent set of G. Also, for every k-coloring of G, there is a unique partition of 
V(G) into color classes such that no two color classes have the same cardinality. Prove that 
L\(G) = n- 1. (10) 

7. Consider the stable matching problem involving n men,and n women. Note that there may be 
multiple stable matchings possible. A man x is said to be a valid partner of a woman y if 
there exists some stable matching in which x is paired withy. A stable matching is said to be 
man-optimal if each man is paired with the highest ranked valid partner in his preference list. 
Prove that the execution of Gayle-Shapely algorithm with men proposing to women always 
generates a man-optimal stable matching. (Hint: Prove by contradiction) (15) / 

8. Prove that every tournament has a Hamiltonian Path. (10) 

) 
) 




