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Answer ALL questions 
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Unless otherwise mentioned, assume that all graphs are simple, undirected, and unweighted 

You can use only results we have stated (with or without proof) in class directly, do not spend 
time in proving them again. Anything else that you use needs to be proved 

1. Define the following: 
(a) Perfect matching 
(b) k-color-critical graph 
(c) Dual of a plane graph 
(d) Crossing number of a planar graph 
(e) Tournament 

(5x2=10) 

2. (a) Find a maximum weighted matching of the following bipartite graph (rows and columns 
represent the vertices in the two partite sets respectively, and X[i, 11 represent the weight of 
the edge between node i (0 :S i :S 4) in one partite set to node j (0 :Sj :S 4) in the second partite 
set). At each step, clearly show the equality subgraph, the matching/vertex cover found, and 
the updated cover. There is no need to show how you find the matching/vertex cover found. 
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(15) 

(b) What are the possible number of vertex colorings using k colors for a graph with n 
vertices when the graph is (i) Kn (ii) a tree T with n vertices Gust state the expressions, no 
proof or explanation is needed)? Using these and the chromatic recurrence, find the possible 
number of co~orings of C7 using k colors (show all steps). (2 + 8) 

3. (a) Prove that every graph G has a subgraph with minimum degree at least X( G)- 1. (6) 

(b) Prove or disprove: If a graph His obtained by applying any number of edge contractions 
to a simple Euler graph G, then His also an Euler graph. Note that by definition of an edge 
contraction, H may have multiple edges between two vertices. (6) 



(c) Prove or disprove: Every minimal non-planar graph (a non-planar graph such that all its 
proper subgraphs are planar) contain an edge e such that G- e is maximally planar. (6) 

(d) LetT be a tournament of order n 2: 3 with vertices Vt, v2. v3, ... , Vn such that outdegree(v;) 
> in degree( v;) for 1 :S i ::; n -1 (note that nothing is said about Vn). Prove that Tis not strongly 
connected. (7) 

4. Prove that every simple planar graph with at least four vertices has at least four vertices with 
degree less than six. (10) 

5. Prove that in any k-connected graph (k 2: 2), any set of k vertices lie on a common cycle. 
(15) 

6. Let D be a digraph (loops allowed) such that indegree(v) :S d and outdegree(v) :S d for all 
vertices v in D. Prove that the edges in D can be colored with d colors so that the edges 
entering each vertex have distinct colors and the edges exiting each vertex have distinct 
colors. (Hint: The solution has something to do with (undirected) bipartite graphs). (15) 




