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Please answer all parts of a question together 
Marks: Ql: 2x4, Q2: 3+2+3. Q3: 6+4, Q4: 4+8, Q5: 4+8 

]a) Provided that three neighbouring 
points, x,_l. xi and x,+l, arc 
equally spaced at an interval h, 
show that the value. ui+l of a func
tion u(.x) obtained by linear 
extrapolation using the quantities 
ui and u 1_ 1 is accurate to O(h2

). 

b) When are the equations of fluid 
dynamics said to be in the conser
vation form? Why can a numeri
cal scheme based on the conserva
tion form capture shock waves 
while one based on the non-con
servation form cannot? 

c), Using the eigenvalue method, 
establish the mathematical nature 
of the system of partial .differential 
equations: 

fJu + fJv = 0 
0.'1: fJy 

01L OU a2 u 
(l) 

u;:;-+v;:;-=v"' 2 ux uy uy 

d) Explain the need for body-con
forming grids. 

2a) As described in the classroom, the 
equations for the stream function 
and the vorticity are each discre
tised using central differences only. 
It is found that at high Reynolds 
numbers this formulation experi
ences convergence difficulties. 

Identify the reason and suggest a 
cure. What drawback might this 
new formulation have? 

b) What is the need for a staggered 
grid when discretising the primi
tive variable form of the Navier
Stokes equations using ·central dif
ferences? \A/here on the grid are 
the variables u, v and p stored? 

c) What particular problem is faced 
in solving the incompressible 
Navier-Stokes equations in terms 
of the primitive variables? What 
is the key idea put forward by 
Patankar in imp~ementing the 
pressure correction method? 

3a) The flow with zero pressure gradi
ent, within the boundary layer ·of 
a viscous fluid over a fiat plate. 
parallel to the x-axis, is described 
by the equations: 

au+- av = 0 
ax ay 

O'U au 82u 
u;:;-+v;:;-=va ·.? uX uy y.-

(2) 

where u and v are the velocity 
components along the x- and y
axes, respectively, and u is the 
coefficient of kinematic viscosity. 

The domain over which this equa
tion is to be solved is to be 
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transformed from the physical x-y 

plane to the computational f; -r; 
plane usi·ng the transformations: 

x=f; f;=O···l 
~'1 k 0 0 (

2
) y=e -1, > ,r;= ···1 

Obtain i) the metrics of the trans
formation and ii) the equ<;ttions (1) 
written in the f; -1] plane. (You 
may liKe to introduce ah addic 
tiona! variable w = aujfJy.) 

b) For a grid that is equally spaced 
along the f;- and r;-axes in the 
computational plane, sketch the 
corresponding grid" in the physical 
(i.e x-y) plane using the- transfor
mation given in ~q.(2). Why is 
such, or a similar, distribution of 
points along the y-axis necessary 
when solving this problem? 

4) A large flat plate, floating on a 
thin layer of incompressible, vis

·cous fluid of depth h, is in hori
zo:qtal motion at a conqtant speed 
U. It is known that at any height 
y above the bottom of the fluid 
layer the velocity u is independent 
of the x-coordinate. Underneath 
the plate, away from its edges, the 
equation of motion of the fluid 
may be written as: 

au Eiu 
at = v fJy2 

ty 
l __ ===u~-~ 
h-

(3) 

T ~~~--c-~__,._.,~.,... --X 

a) In a certain case, h = 4mm and 
U = 5 mjs. Write the appropriate 
boundary conditions and obtain 
the steady state distribution of the 
horizontal velocity u across the 
depth of the fluid layer. 

If the plate area is 1 m2
, the fluid 

density is 1. 26 x 103 kg/m3 and 
its coefficient of kinematic viscos
ity is v = 4. 0· x 10-3 m2 /s, what is 
the force needed to keep the plate 
moving at that speed? 

b) In another case the plate suddenly 
starts from rest with speed 
U = 5 m/s. Dividing the depth 
h = 4 mm into 4 equal parts and 
using a time step .6.t = 0. 1 s, 
obtain the solution to Eq.(3) ( 1I as 
a function of t and y) for two time 
steps using the Crank-Nicolson 
algorithm. 

5a) Obtain the analytical solution of 
the steady linear advection-diffu
sion equation: 

du = O.ll d
2
u 

dt dt 2 

subject to the b.c.s: u(O) = 0, 
u(l) = 1 and sketch it. 

b) Now obtain a numerical solution 
of the same equation, dividing the 
interval 0 ::; x ::; 1 into a sufficient 
number -of intervals such the cell 
Reynolds number does not exceed 
2. Compare the analytical and 
numerical solutions at the nodal 
points. 
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