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Instruction: Answer all questions, which are of equal values

1. (a) Let {an} be a sequence of nonnegative numbers whose sum is 1 and {~n} is a sequence of
positive numbers. Then show that n~=l~n Cl:

n
::; l:~=l an~n-

(b) Prove that product of two measurable extended real-valued function is measurable.

2. (a) Let {Ed be a sequence of measurable sets. Then show that m(UEi) ::; l:mEi.

(b) Show that if E is a measurable set, then each translate E + Y of E is also measurable.

3. (a) State and prove Monotone Convergence Theorem. (Hints: you can use Fatou's lemma)

(b) Show that if f is an integrable function, then I J f dxl < J Ifldx. When does equality
hold?

4. (a) Let f be absolutely continuous on [a, b]. Then show that Tab(J) = J: 1f'1·
(b) Let f(x) = [z]. Find D+t, Du.]; D- f, and D,.] at x = O.

5. (a) Let f and g be integrable functions. Show that if f ::; g, a.e., then J f dx ::; J g dx.

(b) Show that a function satisfying a Lipschitz condition is absolutely continuous.

6. (a) Show that a function F is an indefinite integrable iff it is absolutely continuous.

(b) State and prove Jensen Inequality.

7. (a) Let 1/ be a signed measure on the measurable space (X, 8). Then show that there are two
mutually singular measures 1/+ and IF on (X,8) such that 1/ = 1/+ - 1/-.

(b) Define positive set. Show that the union of a countable collection of positive sets is
positive.

8. (a) Let I/(E) = Ie xe-x2 dx. Find the positive, negative and null sets with respect to 1/. Give
a Hahn decomposition of IR with respect to 1/.

(b) Show that the improper Riemann integral R J~ sinx dx exists, while the Lebesgue integral. x
L J~ St;X dx does not.

9. (a) Let p, and 1/ be complete measures. Show that p, x 1/ need not be complete.

(b) By integrating e-Y sin 2xy with respect to x and y, show that Jooo e-Y(~n2 Y) dy = ~ln5.

10. (a) If 1/ « p, and f is a nonnegative measurable function, then show that J f du = J f[~~] du.

(b) Show that if f is a non-negative measurable function, then f = 0 a.e. iff J f dx = O.
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