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End-Semester Exam
Time Limit: 3 Hours

This exam contains 2 page and 5 problems.

You should not use your books, notes, or any calculator. Be precise in your answers. Intuitive
justifications may not carry any marks, when you are asked to prove. All the sub-parts of a problem
should be answered at one place only. On multiple attempts, cross any attempt that you do not
want to be graded for.

There are no clarifications. In case of doubt, you can take a valid assumption, state that properly
and continue.

1. (8 points) Use the pumping lemma to prove that the following language is not a CFL.

Ll = {OPlp is prime}

2. (8 points) Give a detailed description of a Turing machine with input alphabet L: = {a, b} that
on any input x halts with string y E L(a*b*) written on its tape, where #a(x) = #a(y) and
#b(x) = #b(y). Explain the algorithm and give the transitions. Note that this Turing machine
will not have separate 'accept' and 'reject' states but a single halt state.

3. (40 points) Prove or disprove the following:

(a) (7 points) Let

L2 = {wlw is a binary string such that the nth symbol from the right is I}

Prove that the DFA for this language needs to have atleast 2n states.

(b) (5 points) If M is an NFA that recognizes language L3, swapping the accept and non-
accept states in M yields a new NFA that recognizes L3, the complement of L3·

(c) (6 points) Consider the following two languages:

L4 = {< G > IG is a CFG that generates all strings in L:*}

L4 is undecidable. Then so is L5.
(d) (6 points) Consider a TM M' that works like a normal TM except that whenever it moves

to left, it moves by two squares instead of one. Its movements to the rights are by one
square as usual. M' can compute all functions that normal TMs can compute.

(e) (8 points) Given a deterministic TM M, one can build a deterministic PDA that accepts
the following language:

LG = {Cl R#C2 : Cl, C2 are configurations of M such that C2 follows from Cl}
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(f) (8 points) Let L7 = {Oi1jl2i ::; j ::; 3i}. Consider the following CFG G:

S ---+ OslllOsllllE

Prove that G is indeed the grammar that generates L1, i.e., L1 = L( G)

4. (30 points) Are the following languages recursive/r.e. but not recursive/not r.e.? You must
supply appropriate construction and/or reduction to support your answer.

(a) {< G > IG is a CFG that accepts a finite language}.

(b) {< M > IOn empty input, M changes the content of the tape cell on every move}

(c) {< M > [There exists x E ~* such that for every y E L( M), xy ~ L( M)}
(d) {< M > 1M is a TM and at some point in its computation on x, M re-enters its start state}

(e) {< M > 1M is a TM such that both L(M) and L(M) are infinite}

5. (24 points) Give the following constructions:

(a) (4 points) Provide a DFA for ~ = {a, b} that accepts any string wth aababb as a substring.

(b) (8 points) Consider the PDA P = ({q}, {O, l},{Z,A,B},J,q,Z,¢), where the transitions
are shown in the following figure. Convert this PDA to CFG as per the PDA-to-CFG
conversion.
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(c) (7 points) Consider the DFA shown in the following figure. Minimize the number of states
in this DFA using the state minimization method.

(d) (5 points) Give an unrestricted grammar for the language


