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CE 21005: Solid Mechanics 
Final Examination, Autumn 2012 

liT, Kharagpur 
Answer All Questions 

Total Marks: 125 
l1h The vector PQ of length dS, lying in the XY plane is rotated by angle f3 about the Z-axis to position 

PQ1• Find the displacement gradient matrix corresponding to this rotation and explain why the 
normal and shear strains resulting from this displacement are zero. (10 marks) 

Q. 

J..Q., Each point on a rectangular parallelopiped with vertex A lying at the origin (Fig. I), undergoes 
small deformations defined by the displacement field: u = axyz, v = /}xyz, w = yxyz where 

a,/}, rare constants. Which are the faces of the parallelopiped that remain fixed under this 

deformation? Only a single vertex can move, which is that vertex? At this vertex, the displacements 
are found to be u = -.005m,v = -.002m,w = .004m respectively. Find the values of 

a,/}, r consistent with these displacements. Find the 3D strain matrix £ as well as £deviatoric and 

E volumetric at the vertex. Find also the 3D rotation matrix n and the axial vector w corresponding to 
n. The x-y-z system is then transformed by a rotation to the X-Y -Z system such that the new X 
axis lies along the vector ( 1.5, 1.0, 0.) and the new Y axis is aligned with vector (0.,0.,-1.0) in the x-
y-z system. What is the new representation of the strain matrix? (15 marks) 
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What are the octahedral planes? What is the hydrostatic axis? Suppose the principal axes at a point 
have direction cosines (0.707,0.707,0.0), (-0.707,0.707,0.0),(0.0,0.0,1.0) with respect to the global 
x-y-z system. What are the direction cosines of the hydrostatic axis in the global system. (5 marks) 
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The bar shown in the Fig.2 is made of steel with yield stress of 420 MPa. The load P makes equal 
angles with the x, y and z axes. Determine the Joad P that will cause yielding according to the Von 
Mises yield criterion? Assume that the critical section is at the support. 

(20 marks) 
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The planar structure in Fig. 3a made of aluminium (E = 70 GPa) comprises a beam (ABCD) and a 

rod (EC). For the rod: section area= 500 mm2
, for the beam: section area= 4000 mm2

, 2nd Moment 

about bending axis I= 20 x 10-6 mm4
• Find the vertical deflection.at D due to bending and direct 

axial stress. (10 marks) 

3b The beam in Fig. 3b has depth less than one-tenth the span. A moment M0 acts at end C about the z

axis. Using Castigliano's theorem, find the reaction and the slope at B, as well as the deflection at C. 

Assume that the beam has cross-sectional area A and 2nd moment of area I and is made of a linear 

elastic material with Young's modulus E. (15 marks) 
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4a A prismatic beam has a cross-section in the shape of an equilateral triangle as shown in Fig.4a and is 

subjected to torsional moment. A stress function of the form: 

¢ = B(x ~ fjy- 2
h)(x + fjy- 2

h)(x + !!._) is proposed for finding th~ stress distribution. 
3 3 3 

(a) Show that a stress function of the above form is a valid Prandtl stress function. 
(b) Obtain an expression for the constant B in terms of the unit twist (} and the shear modulus G of 
the material 
(c) What are the non-zero stress components? Obtain expressions for the non-zero shear stress 
components acting in the section. 
(d) Use the expressions obtained in (c) to find the shear stresses at the vertices A, B, C and the 
centroid of the cross-section. Where is the shear stress largest among these points? (15 marks) 
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4b. d and t have identical values for the hollow circular and square thin wall sections shown in Fig. 4b. 
made of the same material with shear modulus G. Neglecting stress concentrations, and assuming 
that the torque T acting on both sections are the same, find the ratio of the unit angle of twist in both 
members, and the ratio of the maximum shear stress in the hollow square section to the shear stress 
in the hollow circular section. (10 marks) 
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The pin-ended steel member AB is loaded as shown in the Fig. below and is pinned to the ground at 
B. The member has a .rectangular cross section of size 0.4 m x 0.1 m. What is the maximum 
allowable load p if a factor of safety of 2.0 has to be maintained against buckling of the member. 
For this load, will AB yield before buckling? Use the maximum principal stress criterion to check 
yield. E of steel is 2.E+ll N/m2 and the yield stress of steel is 420 MPa. (10 marks) 
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Sb Explain briefly the "thin film analogy" and its use in finding the torsional stress distribution in a 
beam with an arbitrary cross section. (3 marks) 

Sc State the principle of virtual work. What are virtual displacements? What is complementary strain 
·energy? _ (3 marks) 

Sd What are the assumptions of Castigliano's theorem? Obtain the expression for the strain energy of a 
beam subjected to torsional load only. (3 marks) 

Se Explain why the maximum principal stress criterion is not an appropriate yield criterion for most 
metals. (3 marks) 

Sf Consider a beam subjected to torsional loading. Explain why: (i) If the section is rectangular the 
shear stress at the corners of the section are z;ero (ii) For an arbitrarily shaped cross section the shear 
stress distribution cannot be radial. (3 marks) 




