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1. Let f* be a maximum flow function in a network G, from source vertex 
s to sink vertex t, where all edge capacities are integral. Is the maximum 
flow amount If* I integral? Why? Can f* ( u, v) be non-integral for some 
two vertices u and v of G ? Either give an example or prove otherwise. 

[5+10 marks] 

2. Suppose we have items to pack in equal sized (unit) bins, where each item 
is at least half the length of a bin, even though there is no restriction on 
the number of distinct sizes of items. Show that in polynomial time we can 
pack the items in ~OPT bins where OPT is the optimal number of bins 
required. Can we do better? If so, how much better can we approximate 
in polynomial time? What approximation ratio can we attain if each item 
is at least a third of the length of a bin? Why? 

[5+5+5 marks] 

3. Given that the satisfiability problem is complete for the class NP for general 
conjunctive normal form (CNF) boolean formulae, show that the satisfia
bility problem is also complete for the class NP for boolean formulae where 
each clause has at most three literals. Does the unsatisfiability problem for 
such formulae also belong to the class NP? Show that permitting at most 
two literals per clause results in boolean formulae whose unsatisfiability 
can be tested in polynomial time. [5+5+5 marks] 

4. Define the class NP of languages representing decision problems. Let 
G(V, E) be ann-vertex undirected graph. Consider the decision problem 
answering the question whether G(V, E) has an independent set of size 
I~ l· Is this problem in the class NP? Is this problem NP-complete? Why? 

[5+3+7 marks] 

5. Let G(V, E) be ann-vertex directed weighted graph where every directed 
edge e E E has a non-negative weight. Let s E V and t E V be any 
two distinct vertices of G. Note that there can be multiple vertex disjoint 
directed paths from s to t with identical path weights; the path weight of 
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a directed path between two vertices is the sum of weights of the edges 
in the path. If min(8, t) is the minimum weight of a directed path from 
8 to t then it is possible to have multiple vertex disjoint directed paths 
from 8 tot with path weight min(8, t). Such minimum weight paths from 
8 to t may have different numbers of directed edges or hops. If we run 
the single-source algorithm of Dijsktra for computing the shortest directed 
path from 8 to t, which of such paths is reported as the shortest path from 
8 tot, one with lower number of edges or one with larger number of edges? 

[3+7 marks] 

6. State the Bellman-Ford algorithm for computing the weighted shortest 
path between two vertices 8 and t in a directed weighted graph G(V, E), 
with non-negative edge weights, n vertices and m edges. Prove its cor
rectness and analyze its running time complexity. 

[5+10 marks] 

7. State the recursive method of efficiently computing the DFT of an (n -I)
degree polynomial in one variable in 0( n log n) time. How are the halving 
lemma and the cancellation lemma used to achieve the time complexity 
bound? 

[5+ 10 marks] 

8. We can load a vehicle with items constituting any subset S of a set N 
of n items as long as the total weight of loaded items does not exceed a 
constant B. Assume that item i has weight ai :::; C, where Cis a constant. 
Clearly, it makes sense to assume C:::; B. The vehicle capacity of Band 
the maximum weight C of an item are constants, and therefore do not 
depend on the number n of items; the input size is therefore proportional 
to n. Design an efficient algorithm for determining a subset S* of N, 
such that the total weight of items in S* is maximized but within the 
limit B. What is the running time of your algorithm? Is this problem 
NP-complete? Why? 

[15 marks] 

9. Given an undirected connected graph G(V, E) of n vertices and m edges, 
we wish to compute a cut of large capacity. The capacity of a cut is the 
number of edges that go across the cut. Clearly, no cut can have more than 
m edges and every cut has at least one edge. The problem of computing 
a cut of maximum capacity is known to be an NP-hard problem. So, we 
wish to compute a cut with a large capacity in polynomial time. Show 
that a cut of at least half the capacity of the maximum capacity cut can 
be computed in polynomial time. [Hint: Start with a cut and keep on 
modifying the cut by moving vertices across the cut.] 

[10 marks] 
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