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Q1. (a) A two-dimensional (2D) dynamical system is given as:
x = -x + x3, y = -2y.

(i) Draw the phase portrait for this 2d system.
(ii) Consider a circle C of radius r = 2 with its centre located at the
origin in the phase space of the 2D system. Determine the index Ie of the
phase space of this 2-D system on the circle. [3+3]

(b) A square surface is divided into nine equal squares and the central square
is removed. Each smaller square box is again divided into nine squares and
again the central one is removed. After repeating the process a large number
of times, the resulting object is called the Sierpinski carpet.
(i) Find out the similarity (fractal) dimension of the Sierpinski carpet.
(ii) Determine the area of the Sierpinski carpet. [3+3]

Q2. A dynamical system (also known as Lorenz model), which describes
atmospheric convection, is give as:
x = Q'(-x + y),
y = -y + (r - z)x,
z = =bz + xy.
Here Q' = 10, b = 8/3 and the bifurcation parameter r ~ O.

(i) Find out the stability of trivial fixed points of the system.
(ii) Determine the non-trivial fixed points. Find out the equation of
growth rate A for small perturbations around the nontrivial fixed point.
(iii) Show that the growth rate becomes purely imaginary, i.e., A = it»
with was areal number, if r = ro = 470/19. [3+3+4]



Q3. (a) Logistic map is defined as: xn+1 = f(xn, r) = rXn(l - xn), where

o ~ Xn < 1 and 0 < r < 4.

(i) Find out the stability of the fixed point of the logistic map and their

stability.

(ii) Show that a stable 2-cycle solution exists for 3 < r < 1 + -16.
(b) Show that Xn = sin2(2n) is a solution of the logistic equation for

r = 4. [3+5+2]

Q4. (a) What are the major differences between an ordered system and a
chaotic system? What are different routes to chaos? Explain in brief different
routes to chaos.

(b) What is the Lyapunov exponent? Show that the Lyapunov exponent
.?t.(xo, r) ofa 1D map: Xn+l = f(xn, r) with a given value of Xo is given by

. . 1 IfN (xo + 8, r) - t" (xo, r)1 . 1 IdfNI
lirn hm-ln 0 = lirn N1n -d .
N-+oo 8-+0 n N-+oo Xo

(c) Find the Lyapunov exponent .?t. for the Bernoulli shift map:
Xn+l = 2xn (mod 1). [5+3+2]

Q5. (a) If A and B are a non-singular n x n matrices,
(i) eA+B = e+e", if AB = BA and (ii) :t eAt = AeAt = eAt A.

(b) Find the solutions of a two-dimensional linear dynamical system

X = AX, where (i) A = [~ -;1] and (ii) A = [i -;1] with initial

conditions X~ = [1 1],where X~ is transpose of the column matrix
(t = 0) == Xo .

(c) Solve the following set of four coupled first order linear differential
equations: Xl = -X2' X2 = Xl' X3 = -X4, X4 = 2Xl + X3 with initial
values xl(O) = Cv X2(0) = C2' x3(0) = c3, x4(0) = c4. [4+6+8]
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