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Instructions : 
Answer .as much as you can!. If you score x and x ? FM ti1en you score FM 
else you score x. 
No clarifications! If·you need to make assumptions, make them and clearly 
state them. 

1. Consider the undirected graph in Fig. 1. 

(i) What are the minimum and maximum degree centr~ities in the graph? 

(ii) What is the diameter of the graph? Identify all pairs of vertices that are farthest 
apart in terms of geodesic distance. 

(iii) What is the size of the largest clique in the graph? List the vertices in each clique 

of this size in the graph. 

(iv) What is the minimum number of edges that could be removed to make the graph 
disconnected? List these edges. 

[1 + 2 + 2 + 1 = 6] 

Figure 1: An undirected graph. 

2. Consider networks in which each vertex has at most K neighbors, and every pair of 

vertices is at most D hops apart . 
• 

(i) Suppose K = 100 and D = 6. Is it possible to have such a network whose size is 
close to that of the Indian population("-' 109)? Illustrate with a (partial) diagram. 

(ii) If N is the network size, describe how to construct networks of arbitrarily large N 

satisfying K = N/2 and D ~ 2. Illustrate with a diagram. 

[2 +3 = 5] 

1 



I 

Figure 2: A miniature World Wide Web. 

3. Consider the network in Fig. 2 that represents a miniature World Wide Web, with 
vertices representing pages and edges representing hyperiinks. Answer ·each part with 
intuitive arguments, 

(i) Which vertex has the highest PageRank? Which has the lowest? 

(ii) Now add a new vertex labeled G which has 2 edges. One edge goes from G to A, 
and the other from G to B. Which of the vertices G and F has greater PageRank? 

(iii) When G and its edges are added, will the PageRank of the following vertices 
become higher, lower or remain the same- (a) vertex B (b) vertex C (c) vertex D 
and (d) vertex G. 

(2+ 1 +2 =5] 

4. Graph G is a k-plex of n nodes. Show that any subgraph induced by the vertices of G 
is also a k-plex. [4] 

5. Are there any mathematical limitations to arbitrarily large networks of small degree 
and small diameter? If your answer is "no", briefly explain why not. If your answer 
is "yes", give specific values for the network size, diameter and degree that cannot be 
simultaneously achieved, and explain why. [You score no marks if your justification is 
not correct]. [1 + 3 = 4] 

6. Draw the following graphs and answer the associated questions. 

(i) A connected network with exactly 10 vertices, exactly 9 edges, and the smallest 
diameter possible. Compute the clustering coefficient of this network. 

(ii) A connected network with exactly 10 vertices, exactly 9 edges, and the largest 
diameter possible. Compute the clustering coefficient of this network. 

(iii) A network (which may have multiple connected components) with exactly 10 ver
tices, exactly 9 edges, and the largest clustering coefficient possible. 

(iv) Suppose we start with a network that is a simple cycle (ring) of N vertices. You are 
then allowed to add some fixed number of additional edges t~ the network. Draw 
and briefly describe the pattern of edges you would add if the goal is to make the 

(a) diameter of the resulting network as small as possible, 
(b) clustering coefficient of the resulting network as large as possible. 

[2+2+3+2+2=11] 
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7. Using an example graph in Fig. 3 find 

• The groups of vertices that exhibit structural equivalence. 

• The groups of vertices that exhibit automorphic equivalence. 

• The degree of structural equivalence· of .the nodes f and j (use cosine similarity). 

[2 + 2 + 1 = 5] 

Figure 3: Equivalences. 

8. The following questions relate to the eigenvectors and eigenvalues of the adjacency 
matrix of a connected graph. Large computations involving matrix multiplications are 
not required. Answer through intuitive arguments and unavoidable "small" calculations. 

(i) Identify all eigenvalues of a complete graph G of N nodes. 

(ii) Show that for ad-regular graph d is an eigenvalue. What is the associated eigen

vector? 
(iii) Show that for a complete bipartite graph Gm,n one of the eigenvalues should be 

..;mn. 
[2+2 +4 = 8] 

9. Show the step-by-step execution of the agglomerative algorithm based on outwardness 
on the network in Fig. 3. Start your execution from vertex e, calculate the outwardness 
and keep building the clusters until all vertices have been processed. Hence construct 
the dendogram. [5 + 3 = 8] 
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