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Answer all questions.
1. State whether true or false, and provide a very brief justification for your answer.
(a) The set of rational numbers, excluding zero, is a

group

under multiplication.

(b) The set of rational numbers, excluding zero, is also a field under addition and
multiplication.
(c) The symmetry group of an isosceles triangle has 3 distinct elements.
(d) The permutation group

S3

is a subgroup of

S6

but not a subgroup of

S720.

(e) The quaternion group Q (of order 8) has a subgroup isomorphic to Z3.

(f) In the group V4 = Z2 ® Z2, different conjugacy classes corresponds to different
cycle structures, since all elements in the same conjugacy class of a finite group,
must have the same cycle structure.
(g) Up to isomorphisms, there are exactly two distinct group structures for groups of
order 89.
(h) There exists an isomorphism between the groups SU(2) and SO(3).
(i) Two irreducible representations can never have the same dimension.
(j) The number of possible irreducible representations of a group of order 11 is 10.
[10 Marks]
2.

(a) Consider the following four functions
JI(x) = x, h(x) = -x,

1

1

x

x

!J(x) = -, !4(x) = --.

Does this set of four functions form a group under the operation II012 = II(12 (x))?
If it forms a gourp, what is the order of each of these four elements?
(b) Write down the group composition table (Cayley table) of the group of order 6,
with the presentation

(c) Prove that, in any finite group with even order, there must be at least one element,
other than identity, which is inverse of itself.
[10 Marks]
1

3.

(a) Find the various possible cycle structures of 85 (group of permutation of 5 objects),
and the total number of elements corresponding to every cycle structure.
(b) Which cycle of 85 corresponds to the young diagram

(c) If two elements in 85 is g1

= (12)(34)(5)

and g2

= (32415),

what is g1

0

g2 under

the usual group operation. Also, find the conjugate element of the element g2 with
respect to g1.
[10 Marks]
4.

(a) Obtain the left and the right cosets of 83 with respect to its subgroup Z2

=

{e, (12)}. From this result, is it possible to deduce whether 83 is simple or not?
(b) Find the factor group Z6/Z2.
(c) Prove that a subgroup 1l of the finite group
in

9 (i.e. order of 9

=

g, which contains half of all elements

2 x order of 1l), must be a normal (invariant) subgroup.
[10 Marks]

5.

(a) Work out the character table of the group of symmetries of the equilateral triangle
'D3. At first, explicitly separate the elements of this group into conjugacy classes
and then clearly provide the full justification behind every entry of the character
table.
(b) Consider the action of the group 'D3 on the two dimensional subspace spanned by
the functions

'l/J1

= cos ne,

'l/J2

= sin ne, n being a positive integer, and e is the

polar angle, with the origin chosen as the center of the equilateral triangle. Now
consider the representation
In this representation,

D, of the group 'D3, on this two dimensional space.

one of the rotations (R.) and one of the reflections (p) are

represented by the matrices

D(R) = ( c~s ~n7r
sin ~n1f

-

sin ~n7r
cos ~n1f

),

D(p) = ( - cos rer
0

0
)
cos n1f

From this information (and the result of part(a) above), write this representation
D as a direct sum of irreducible representations of'D3. Hence deduce, for what
values of n is the representation D reducible or irreducible.
[10 Marks]
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