
INDIAN INSTITUTE OF TECHNOLOGY, KHARAGPUR 

Date: ............ FN/AN Time: 2 Hrs. Full Marks ... 45... No. of Students ... 99 .. . 
Spring Semester, 2012-2013. · Deptt .... CSE... Sub No .... CS60094 .. . 
B. Tech.(Hons.) / M, Tech. j M. Sc. Sub. Name ... Computational Number Theory .. . 

Instructions: There are four(4) questions. Answer all of them. 

1. (a) ·A Fermat number is Fn = 22
n + 1, where n 2: 0 is an integer. Prove that two 

Fermat numbers arerelatively prime. Is there any interes-ting conclusion?· 

(b) Let ri = Xil + YiS be the· ith. .partial remainder· and Xi, Yi be the· corresponding 
Bezout's coefficients computed by the extended GCD algorithm .. 
Prove that XiYi+l -Xi+!Yi = ( -1)i, for all i = 0, 1, · · ·, n, where ro = l, rr = s, xo = 
1, Yo = 0, x·l = 0, Yl = 1, and r n is the gcd(l, s) obtained in n steps. 

(c) Let a, b E Z and b > 0. Use the well-ordering principle to prove that there are 
unique integers q and r such that a = bq + r, where 0 :::; r < b. [4 + 4 + 4] 

2. Answer the following questions [2 + 6 +4] 

(a) Express the decimal number 1234567890 in ba.se-256 positional number system. 

{b) The ba.se-256 representation of the decimal number 2345678910 is (139, 208, 56, 62). 
Multiply the ba.se-256 representation of 1234567890 with that of 2345678910 using 
the Karatsuba-Ofman algorithm (recursive). Show an computation steps in ba.se-
256 numeral {decimal coded). (Product: {40,48, 77,148,243,146,158, 220).] 

(c) In the integer division algorithm we 'guess' the quotient digit qi by computing 
t ~ lri±lx~+r'*1 -:- 1 J, where (rk,···,ro) is the partial remainder, i ~ k-l,···,O; 
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B is the base, and bt-l is the most significant digit of the divisor. 
Take B = 256 and answer the following questions with explanations. 

i. Give a value of a divisor and a dividend for which t > B. 
ii. Give a value of a divisor and a dividend for which t < B, butt> qi + 10. 

3. (a) For any positive integer n, Z~ ={a E Z: 0 <a< nand gcd{a, n) = 1}. 
Prove that {Z~, Xn) is a group, where a Xn b = (ax b) mod n. Assume that 'xn' 
is known to be associative. 

{b) Let H be a subgroup of a group (G, o, e). We define a binary relation on G, 
a= b(mod H) if a o b-1 E H, where a, bE G. 

· Prove that it is an equivalence relation. Take the subgroup H = {1, 4} of Zi5 and 
show the equivalence classes of the corresponding relation. 

(c) What is Lagrange's theorem of finite group? Use the theorem to prove that for all 
a E z~, a4>(n) = 1. Where <PO is the Euler's totient function. 

(d) Use the previous theorem (Euler's) to prove the Fermat's Little theorem that 
aP-l = 1, where pis a prime and a E z;. (5 + 4 + 4 + 2] 

4. (a) Clearly state the computation steps required to find all incongruent solutions of 
the linear congruence ax= b(mod n), where ·a, b, n E Z and n > 0. 

{b) Explain the following algorithm, where a, k, n EN. (3 + 3] 

what{ a, k, n) 
val ~ 1; a ~ a mod n 
while k 2: 1 do 

if k mod 2 = 1 then val~ {val x a) mod n 
a~ (ax a) modn; k ~ lk/2J 

return val 
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