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Instructions: All parts to a question must be answered in the same place in 
the answer sheet 

L~ (a) A domino is a rectangular piece that is two by one squares. A board is said to be 
tiled by dominoes if all its squares are covered with non-overlapping dominoes 
and no dominoes overhang the board. 

i. Prove or disprove that you can use dominoes to tile the standard 8 x 8 
checkerboard with two opposite corners removed. 

ii. Prove or disprove that you can use dominoes to tile the standard 8 x 8 
checkerboard with two adjacent (that is, not opposite) corners removed. 

(b) Let X be a finite set, and suppose that f : X -7 X is an injection. Does it follow 
that f is a bijection? Justify your answer with a proof or a counter-example. 

(c) Now let X instead be a countable set, and suppose that f : X -7 X is an 
injection. Does it follow that f is a bijection? Justify your answer with a proof 
or a counter-example. 

(d) Nim is a family of games played by two players. The game begins with several 
piles of stones. Players alternate taking turns removing any nonzero number of 
stones from any single pile of their choice. If at the start of a player's turn all 
the piles are empty, then that player loses the game. Prove that if the game is 
played with two piles of stones, each of which begins with the same number of 
stones, then the second player can always win the game if she plays correctly. 
(Hint: You may use strong induction). 
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2. (a) Let a(n) denote the number of ternary strings oflength n with no pair of adjacent [8] 
2's. Example: 2011 is a ternary string with no pair of adjacent 2's. 

i. What are a(l) and a(2) ? 
ii. Find a recurrence relation for a( n). 

iii. Prove that a(n) 2:: 2n+l for all n 2:: 2. 

(b) Give a combinatorial proof that 

n 

L iC(n, i) = n2n-l 
i=l 

[3] 

(c) Let an be the number of ways to fill a gift box with n packets of nuts subject to [9] 
the following constraints: 

• The number of packets of almonds must be odd 
• The ·number of packets of cashews must be a multiple of 4 
• The number of packets of walnuts is 0 or 2 
• The number of packets of pistachios is at most 1 

i. Write a generating function for each of the four nut types: 
ii. Derive a closed formula for an 
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3. (a) R is a binary relation on set A. We use R2 to denote R o R, th~t is, the [12] ~ 
composition of R with itself. 

i. Prove or disprove: If R is an equivalence relation over a set A, then R = R2 . 

Recall that R = R2 when for every x E A andy E A, we have that xRy iff 
xR2y. 

ii. Prove or disprove: If R is an partial order over a set A, then R = R2 . 

iii. Prove or disprove: If R is a relation over a set A and R = R2 , then R is an 
equivalence relation or a partial order. 

, (b) Let A and B be arbitrary sets where "S:B is a partial order over B. Suppose that [4] 
we pick an injective function f : A -+ B. We can then define a relation "S:A over 
A as follows: for any x, yEA, we have x "S:A y iff f(x) "S:B f(y). Prove that "S:A 
is a partial order over A. 

.I 
4. (a) LetS be the set of all real numbers except -1. Define o on S by [8] 

a o b =a+ b + ab 

i. Show that o gives a binary operation on S. 
ii. Prove that ( S, o) is a group 

iii. Find the solution of the equation 2 o x o 3 = 7 in S. 

(b) Consider the cyclic subgroups of the group (Z20 , +20 ) (Z20 = {0, 1, 2, ... , 19}, 
+2o is addition modulo 20). 

i. Recall that a partially ordered set X is called a complete lattice if every 
non-empty subset of X has both a least upper bound and a greatest lower 
bound in X. Prove that the set of all cyclic subgroups of Z20 form a complete 
lattice. 

ii. What are the subgroups? Draw a lattice diagram of these subgroups. 

(c) Let G be a group, H C G a subgroup and g E G. Prove that the coset gH is a 
subgroup of G if and only if g E H. 

(d) Let H be a subgroup of group G and let g E G. Define a one-to-one map of H 
onto H g. Prove that the map you defined in one-to-one and onto H g. 

5. (a) Let G be a simple graph with n vertices and k connected components. 
i. What is the minimum possible number of edges of G? 

ii. What is the maximum possible number of edges of G? 

(b) Given a graph G = (V, E), an edge e E E is said to be a bridge if the graph 
G' = (V, E / { e}) has more connected components than G. Prove that if all vertex 
degrees in a graph G .._are even then1G has no bridge. 

I 
(c) Prove that if every vertex of an undirected graph G has degree at least 2, then 

G contains a cycle. 

(d) If G = G(X, Y) is a bip~~tite Hamiltonian graph, then show that lXI = IYI· 
(e) Let G be a connected Eulerian graph and let {X, Y} be a partition of V(G) . 

Show that the number of edges with one end in X and one end in Y is even. 
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